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The displacement of viscous liquids by pressurized gas from harmonically undulated
tubes of finite length is examined. This unsteady process gives rise to a long open bubble
of varying radius, increasing length and surrounded by the liquid. In general, the
thickness of the liquid film that remains on the tube wall is nonuniform. Under creeping
flow conditions, it varies periodically, but with a phase difference from the tube radius.
The liquid fraction remaining in each periodic segment of the tube increases as the ratio
between the minimum and maximum of the tube radius S decreases, whereas it tends to
the well-known asymptotic value for straight tubes as S — 1, or as the wavelength of the
tube undulation increases, although here the flow is accelerating. At high-values of the
Reynolds number, the film thickness increases with the axial distance, and the periodicity
of the flow field ahead of the bubble tip, which exists under creeping flow conditions, is
broken. At even higher Reynolds numbers, recirculating vortices develop inside each tube
expansion and when S also decreases significantly, nearly isolated bubbles are formed in
each tube segment. The location of the bubble tip can be monitored by examining the time
variation of the pressure at the tube wall. © 2006 American Institute of Chemical Engineers
AIChE J, 52: 2707-2726, 2006
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Introduction

The displacement of a viscous liquid by a gaseous phase is
a problem of fundamental importance in the chemical and
petrochemical industry. There are many practical applications
and physical operations, such as the enhanced oil recovery,! the
monolith reactors,? the pulmonary airway reopening,’ the gas-
assisted injection molding,* which have as a common basic
feature the effective displacement of a liquid by gas. In the
secondary oil recovery, air, steam or surfactants are introduced
to displace oil lodged in rock pores. Monolith or honeycomb
reactors are used for fast multiphase reactions, such as hydro-
genations, due to the achieved enhancement in mass-transfer
rates. During breathing, air or medication are driven into the
lungs and the bronchioli, to expand them and retard or elimi-
nate liquid bridging, which may lead to airway compliant
collapse. The gas-assisted injection molding process (GAIM) is
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a modification of the conventional injection molding tech-
nique’ in which highly pressurized air or inert gas (usually N,)
is used to partially displace a molten polymer from a mold and
produce hollow plastic articles. This leads to a reduction in the
consumed energy for the process and improvement in the
quality of the final product.

Because of its importance, the liquid displacement by pres-
surized gas from circular or noncircular tubes has attracted the
interest of many researchers since early last century.®-!3 Invari-
ably, in these theoretical or experimental studies the tube was
much longer than its radius and the bubble that the gas formed
while displacing the liquid was considered semi-infinite (that
is, straight and open in its upstream side), making the motion
steady. In particular, Taylor’s experiments® uncovered impor-
tant aspects of this problem under creeping flow conditions,
such as the three different flow patterns that can arise ahead of
the bubble, and the variation of the thickness of the remaining
liquid film as a function of the capillary number (Ca). Cox®-1©
extended Taylor’s measurements at higher capillary numbers
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(~10), and showed that the asymptotic value of the volume of
the liquid left on the wall of the horizontal cylindrical tube was
0.60. Another noticeable feature of these experiments was the
persistent stability of the bubble profile: within a few tube
diameters from the entrance, its profile attained an axisymmet-
ric shape with a round-ended tip, which it retained during the
rest of its motion down the tube. In their more recent work,
Kolb and Cerro!! examined the evolution of the fluid-fluid
interface both in the plane along the axis and normal to it for
a wide range of Ca numbers in tubes of circular and square
cross section. Coating of square capillaries displayed similar
phenomena, such as the three types of streamline patterns
depending on the value of Ca. As expected, the square cross
section became more important as Ca was lowered.

The first theoretical prediction of the thickness of the wetting
film and the pressure drop across a long bubble in a circular
capillary tube at very low-capillary numbers was made by
Bretherton'2. His asymptotic method and results were extended
by several researchers who employed higher-order theory, ex-
amined the effect of surfactants or of the London dispersion
forces or the roughness of the tube.'#'° On the other hand,
Bretherton’s model inspired others to attack numerically the
same problem,'32° who used either finite differences or finite
elements to solve the Stokes equations in a planar geometry or
in a circular tube. At that time, their efforts introduced inter-
esting features about the discretization of the physical domain
and the solution procedure of the nonlinear system of equa-
tions. Both reproduced Taylor’s results for a wide range of
capillary numbers. More recently, Giavedoni and Saita?' re-
ported numerical solutions which included inertia, to an extend
limited by the value of Ca. They employed an algebraic
method to discretize the domain based on spines and they
found a nonmonotonic variation of the film thickness as Re
increased, but only for capillary values larger than 0.05.

Motivated by the need to simulate the gas-assisted injection
molding process accurately and efficiently, Dimakopoulos and
Tsamopoulos?? developed and applied a quasi-elliptic mesh-
generating scheme for the transient displacement of viscous
fluids that obey the Navier-Stokes equations in straight and
suddenly constricted tubes of finite length. However, GAIM
takes place at much higher driving pressure differences result-
ing in higher velocities and effective Ca > 10. Their results
gave a complete picture of the dynamic evolution of the bubble
surface and flow field ahead and behind its tip. In straight tubes,
they verified Cox’s experimental observations in the high Ca
and low Re regime, whereas they predicted that at high Re, in
addition to the nonuniformity of the film thickness, a Rayleigh-
Taylor instability develops leading to splitting of the bubble
tip. Their scheme proved so generic that was successfully
applied to the displacement of viscous, viscoplastic and vis-
coelastic liquids inside tubes with a sudden expansion or en-
largement that initially could even be only partially filled with
the liquid.>3-23

The tortuous paths in rock pores, packed beds and lung
bronchioli are more complicated than a single straight tube,
which has been studied so extensively. Numerous researchers
have approximated this randomly varying geometry with a tube
with sinusoidally varying cross-section for simulating the sin-
gle-phase flow of Newtonian and even non-Newtonian fluids.?¢
However, studies with two-phase flow are rather limited. For
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Figure 1. Flow geometry, an undulated tube, initially
completely filled with a Newtonian fluid.

The evolving fluid domain is discritized into triangular ele-
ments via our quasi-elliptic scheme for mesh generation.

example, Kouris and Tsamopoulos?’-2° have examined the lin-
ear stability and the nonlinear dynamics of core-annular liquid-
liquid flow and Gauglitz and Radke®® have examined the pen-
etration of a long bubble through a liquid-filled tube with a
single constriction. Although flow in the periodically undulated
tube geometry cannot describe latitudinal dispersion in a bed or
the exchange of fluid between nearby conduits, it simulates the
converging-diverging character of each path in an actual
packed-bed, which is important, but cannot be described by a
straight tube. On the other hand, the mold geometry in GAIM
varies also, but according to manufacturer’s needs for the shape
of the final article. Here we chose to study the more compli-
cated, but periodic geometry of the tube. We opted to examine
the effect of the number of tube undulations, keeping them
always more than one, and to allow for straight introductory
and exit segments in order to avoid making the usual assump-
tion that the solution is necessarily periodic between each
undulation. Our results suggest that indeed the number of tube
segments do play a role on the film thickness deposited on the
wall, especially when the Reynolds number increases. More-
over, it is shown that monitoring the time variation of the
pressure one can determine the location of the front of the
penetrating gas and that this arrangement may provide a well-
controlled method to produce a stream of bubbles of desired
size and frequency.

Problem Formulation

We consider the displacement by highly pressurized air of a
liquid with constant dynamic viscosity w and constant density p.
Figure 1 illustrates the typical flow geometry examined herein.
The tube consists of three parts: an introductory segment, a har-
monically varying middle part and an exit segment. As indicated
earlier we decided to have a number of repeated units in order to
determine the conditions under which the flow and the deposited
film cease to be periodic, while the introductory and exit segments
are necessary in order to accommodate the entrance and exit
boundary conditions in the flow field. The lengths of the intro-
ductory, middle and exit segments of the tube are b,, b and b,,
respectively. The wavelength of the undulation is A resulting in
such repeated units in the middle segment, n = b/A. The maxi-
mum and the minimum radii are equal to R, and R,,,,,, respec-
tively, with ratio S = R,,;,/R,,.... resulting in the following varia-
tion of the tube radius given by the continuous function, S,
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The viscous liquid initially occupies the entire inner volume of
the tube. A step change in the air pressure Pair, is applied on
the free surface of the liquid located in the entrance (left-side)
of the tube. In particular, at 7 = 0™ the pressure is increased to
P, P, = P, ,H(T), where H(7) denotes the Heaviside or
step function. The pressure difference between the left entrance
and the right exit of the tube (P,,;, = const < P,,) generates
a pressure gradient within it, which drives the liquid to the right
and deforms the air-liquid interface forming an open bubble
with a constantly increasing length. The air-liquid interfacial
tension is o. Even though the applied pressure difference
remains constant throughout the simulation, the volume of
liquid remaining in the tube decreases, reducing the resistance
to flow and resulting in an accelerating flow field. Therefore, no
steady velocity exists, but a characteristic velocity can be
defined, based on the applied pressure difference and resorting
to the corresponding Poiseuille flow in a straight completely
filled tube of the same total length L, v, = R2,.P,./(uL).
Scaling lengths with the maximum tube radius R, and
stresses with R, P, /L, we obtain the following dimension-
less parameters: the modified Reynolds number Re, =
pR2 . P,./(Lu?), the dimensionless external pressure (or
modified capillary number) Ca,, = R2,.P,./(cL) =P, and
the aspect ratios € = R,,, /L, €; = b|/R,,.xs €. = b2/R,, .
The subscript p, indicates that the definitions of the dimension-
less numbers are based on the externally applied pressure, the
overbar indicates that the corresponding variable (time, posi-
tion vector, velocities and pressure) are dimensional. Because
of its definition, Ca, does not involve the liquid viscosity,
indicating that it should be better called dimensionless pressure
drop. Table 1 summarizes typical values of the dimensional
physical properties and conditions that are employed in GAIM,
and the corresponding range of dimensionless groups.

Table 1. Typical Dimensional Parameters and Dimensionless
Groups with Representative Values for the Gas-Assisted
Injection Molding Process

Parameter (Units)/Dimensionless

Group Symbol (Definition) Value
Fluid density (kg/m®) p =10°
Fluid viscosity (Pa * s) n 10°-10*
Interfacial tension (N/m) Xy =0.025
Externally applied pressure (Pa) P, 10°-107
.
Modified Reynolds number Re, = ptszx, 1072-10""
2
. . a’P ext 3_105
Dimensionless external pressure P, = I 10°-10
o
Total length of the tube e ' =LIR,,,, >10
Undulation ratio S = R,.i/Rux 0.-1.
Aspect ratio of introductory tube g, = b|/IR,,. ~0.1g7!
Aspect ratio of exit tube e, = byR,,,. ~0.1e7!
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Inserting these characteristic quantities into the radial and
axial momentum balances and the incompressibility constraint,
we obtain

Dv 1
ReFE+gVP7V.£:O (2)

V-u=0 3)

where 7 is the viscous part of the total stress tensor g, which is
defined as

o= —PI+

(IS ]

= =PI+ Vuv+ (Vo' )

and v = v,e, + v.e. is the velocity field, D/Dt = g(d/dT1) +
v+ V the material derivative, V. = (d/dR)e, + (1/R)(9/90)e,
+ (0/9Z)e. the gradient operator and P denotes the pressure
field.

Along the free surface, the velocity field should satisfy a
local force balance between viscous stresses na, surface ten-

sion (2H/P,,)n, and gaseous pressure (1/&)n:
_2H 1 5
no= o n &)

In Eq. 5, 2H is twice the local mean curvature of the moving
liquid-air interface, n is its outward unit normal. The velocity
field must be also bounded at the centerline

r_ry:O,tn:g:O (6)

zero along the entire tube wall,

<
K
I
=
&
I
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and fully developed far downstream??>23. To complete the
mathematical formulation of the process we assume that ini-
tially there is no flow »(R, Z, 0) = 0, the pressure is uniform
P(R, Z, 0) = 0 and the liquid surface in contact with the air
flat.

Numerical Solution
Elliptic grid generation

In order to accurately and efficiently solve these equations,
we have chosen the mixed finite element method to discretize
the velocity and pressure fields, together with a system of
quasi-elliptic partial-differential equations, capable of generat-
ing a boundary-fitted discretization of the highly deforming
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domain occupied by the liquid. We have developed and applied
this scheme in order to study the displacement of Newtonian
and non-Newtonian liquids inside straight or suddenly con-
stricted or expanding tubes.*?2-25 It has proved to be superior
over previous ones,?'-33 since it takes into consideration the
intrinsic features of the developing surface and the deforming
control volume. The set of mapping equations is anisotropic in
order to capture the large deformation of the free surface
primarily along the axial direction. Here, we slightly modify it,
allowing the bubble to move in both directions, radial and
axial, as it goes through each constriction and expansion. This
mapping from the physical domain (R, Z) to the computational
one (§ m), is

< R} + Z} )_
V- R2+Z2+(1 e)VE| =0 ®)

An =0 )

where the subscripts ¢ m, indicate partial differentiation with
respect to each variable V and A are the gradient and Laplace
operators in cylindrical coordinates, respectively, defined in the
physical domain, and g, is a weighting parameter adjusted by
trial and error to optimize the performance of the scheme. &
ranges from zero to unity and usually takes value 0.1. The
Laplacian guarantees not only a smooth distribution of the
nodal points in the complex tube, but also the uniqueness of the
numerical solution, preventing the overlapping between parts
of the physical domain. The term under the square root in Eq.
8 enforces orthogonality of the mesh in the physical domain
preventing discontinuous slopes near the free surface and as-
sisting in keeping the node distribution along the bubble front
optimal. The computational domain is a straight cylinder of
radius and length L throughout the simulations, whereas the
initial shape of the physical domain is generated by creating a
sequence of gradual deformations of the computational domain
toward the desired shape of the undulated tube. Direct gener-
ation of the physical domain, and the mesh nodes, therein,
cannot be done due to failure of the Newton Raphson itera-
tions.

Significant components for the success of this scheme are the
boundary conditions that accompany it. In particular, on the
free surface the two boundary conditions are the kinematic
equation

DE— 10
DY (10)

where is the position vector of the free surface, and the re-
quirement that nodes on the moving interface are distributed as
uniformly as possible

d’s(§)
gz =0 (11)

where
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s(é) = J w1R§ + sz déandw, +w, =2  (12)
0

is a weighted arc-length of the free surface to account for the
very different magnitudes of and arising on the deforming
surface. Dimakopoulos and Tsamopoulos?? have shown that a
node equidistribution condition, which implies w, = w, =1, is
inadequate for deep gas penetration simulations. They have
also proposed that for simulations in straight tubes w, must be
significantly greater than w,, in order to counterbalance the
large difference between the magnitudes of the two spatial
derivatives. In particular, when we apply Eq. 12 on the bubble
free surface, the weighting factor of the derivative in the radial
direction R, remains greater than that of Z, as in Dimakopoulos
and Tsamopoulos,?? but their difference is smaller here w, =
1.5, w, = 0.5, in order to accommodate the constriction and
expansion the tube shape generates on the shape of the devel-
oping bubble. On the tube wall and the exit of the tube, the
equation that defines the corresponding boundary curve re-
places the mesh generation equation associated with the coor-
dinate that is set on that boundary. For the remaining degree of
freedom there is a distinction between these two boundaries.
On the tube exit, the nodes are distributed uniformly, while
relationships (Eqs. 11 and 12) are used for the distribution of
the nodes along the wall. The density of the nodes in the
expansion and the contraction regions must be higher, so the
two weighting factors have been chosen so that w;, > w,. In this
case we observed that the obtained solution converges with
mesh faster, if, when we apply Eq. 12 along the sinusoidal wall,
we adjust the node distribution by setting these weighting
factors on that boundary to w;, = 1.2, w, = 0.8. This entire
procedure generates the node locations, which are connected to
form rectangles. However, we have observed that, due to the
large deformations of the physical domain, it is better to split
each rectangle to form two triangles, which are allowed the
deform more without causing any problems in the Jacobian of
the transformation to the unit element.

Implementation of the Mixed Finite Element
Method

All the governing equations are approximated using the
finite element method according to their individual character-
istics. As shown by Kouris et al.** the mixed finite element
method is accurate and stable for Newtonian fluids with a rate
of convergence that is not affected even when singularities are
present in the flow problem. In particular, the momentum and
mass balance equations follow a mixed formulation, while the
equations of the spatial transformation are approximated by
basis functions that belong to the lowest order continuous
space. The former combination constitutes a stable approxima-
tion, which prevents the spurious “checkerboard” pressure
mode. The stability of the solution is ensured by projecting the
differential equations on the space that is spanned by the
corresponding basis functions according to Galerkin’s princi-
ple. In each triangular element of the computational domain the
velocity vector is approximated with the six-node basis func-
tions ¢, while the pressure and position vector with the three-
node basis functions /. We use the latter basis functions for the
position vector, see also Tsiveriotis and Brown,3? because they
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are less restrictive and cover the bulk of the physical space, as
well as the quadratic basis functions do. On the other hand,
linear basis functions are preferable over quadratic ones be-
cause they are more stable for the approximation of hyperbolic
equations, such as the time-varying kinematic equation.3>-3¢
This is well known in viscoelastic flow calculations, where in
the hyperbolic constitutive equations, the stresses are approx-
imated by bilinear functions using, for example, SUPG.
Having applied the divergence theorem, the weak forms of
momentum (Eq. 2), and mass (Eq. 3), balances are given by

Dv . i
J [ReDTcp’-f-V(p’-(r]dQ-i-f [n-aledl =0,
Q r

fori=1,...,N (13)
f (V- o)dQ =0, fori=1,...,.M (14)
Q

where N and M are the corresponding number of nodes in the
grid for the velocity and pressure unknowns, respectively. The
boundary integral in the momentum residual vector [
[n - o)¢'dl is split into four terms, each one corresponding to
a boundary of the computational domain, and it is either
substituted by natural boundary conditions on a free surface, or
totally replaced by essential boundary conditions on the tube
wall. On the exit boundary the unit normal is equal to ¢_ and the
integral becomes [ [n ale'dl’ = [ [—((9v,/dz) +
(0v./or))e, + (P —‘2(8vZ/&))gZ]dR. If the boundary con-
dition is applied in one of the “hard” forms, for example, if the
r-component of the residuals is replaced by v, = 0, and the
z-component is set to zero because P = 0 and dv./dz = 0
there, this often leads to numerical instabilities and inconsis-
tencies as the Reynolds number increases.’” Instead, we em-
ploy a “soft” version of the outflow boundary condition: for the
z-component we act as stated earlier, whereas for the r-com-
ponent we assume that dv,/d z = 0, but we integrate the dv_/dr
along the outflow boundary, and we incorporate this boundary
term to the bulk equations, keeping the axial velocity as an
unknown there.?® This procedure is conveniently incorporated
in the Galerkin/finite element method used here.?* The bound-
ary integral that arises on the moving air-liquid boundary is
treated by splitting the mean curvature multiplied by the nor-
mal vector into two parts: one that describes the change of the
tangential vector along free surface and another one, where the
normal vector is divided by the second principal radius of
curvature.*4% Similarly, the weak forms of the two compo-
nents of the mesh-generation equations are

R; + Z; 40 —
& er(l—sl)V& VidQ =0,
Q
fori=1,...,M (15)
vai.vndﬂzo,fori=l,...,M (16)
QO
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Equations 1316 are written in the physical domain with inde-
pendent variables R, Z, and transformed to the computational
one using the chain rule differentiation.

The set of DAEs are integrated using the backward Euler
method combined with a forward one for the prediction of a
solution at each new time instant and the adjustment of the time
step.*! The proposed scheme is necessary, since in this case the
velocity field exhibits large variations in a short time interval.
Initially its acceleration is small, but later on, it increases
considerably. If a fixed time step were used, this would remain
the smallest that would be able to capture the larger variation.
Therefore, the total CPU time would well exceed a day, the
execution time now needed.

The resulting set of algebraic equations (2N + 3M in total)
is nonlinear and must be solved iteratively. In particular, the
complete residual set

R.(v,p.R) =0 a7

is solved by a two step Newton-Raphson/Nonlinear Gauss-
Seidel (Picard) iteration scheme. First, for a given physical
domain R = R, the flow problem (Egs. 13 and 14) is solved

RV, p, R™') =0 (2N + M unknowns) (18)

Second, once velocities and pressure have been calculated, the
mesh points are moved according to Egs. 15 and 16, and their
boundary conditions

R, p/, ) =0 (2M unknowns) (19)

and the process is repeated until convergence. The combination
of time-step adaptation and Newton-Raphson/Nonlinear
Gauss-Seidel process consists a very effective way to decouple
and solve this inhomogeneous set of equations. The basic
advantage of the method is that it generates much smaller
Jacobian matrices, which can be allocated and deallocated
whenever desired. The convergence of the whole scheme is
ensured by the automatic time adaptation, because the pre-
dicted solution does not differ too much from the exact one and
the Newton/Kantorovich sufficient condition is satisfied. The
approximate CPU-time per time step is of the order of a few
minutes — very close to the time that is needed by a full
Newton-Raphson scheme. However, the memory savings with
this scheme are significant because of the elimination of mixed
entries (entries coupling the flow and the mesh generation
equations) in the Jacobian matrix.

The entries of each Jacobian matrix are calculated analyti-
cally. Convergence is controlled by a prespecified tolerance of
10~° for the absolute error norm of the residual vector.
Whereas, the prespecified tolerance of the nonlinear Gauss-
Seidel process is slightly greater (0.5X10~%), in order to avoid
premature termination of the Picard iterations. The nonlinear
solver does not need more than five cycles per time step to
converge, while the storage requirements are significantly re-
duced, because each banded Jacobian has a smaller bandwidth.
Additional acceleration of the calculations is achieved by ap-
plying the chord Newton method: LU decompositions of the
Jacobian matrices remain temporarily frozen. The large system
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of algebraic equations, which results at each Newton iteration,
was solved by direct Gaussian elimination using a band-matrix
solver, which allows row and column pivoting. A fine mesh is
required, in order not only to capture the flow, but also to
resolve the shape of the moving interface accurately. Extensive
convergence tests have been undertaken and have shown that
unless otherwise stated in the more demanding simulations, the
number of nodes that should be used in the radial and axial
direction is 47 and 131, respectively. This number of nodes
results in 11,960 triangles completely and nearly uniformly
covering the entire deforming domain, and in 12,314 equations
which are used to determine the node locations, 48,546 equa-
tions for the velocity, and 6,157 equations for the pressure
unknowns. The program was written in Fortran 90, and was run
on an Alpha Dec DS20E workstation at the laboratory of
Computational Fluid Dynamics. Depending on the parameters
and the kind of geometry, it took about a day to complete a run.

Results and Discussion

The liquid displacement from a tube of finite length by air
depends on the dimensionless numbers stated earlier, and sum-
marized in Table 1, along with their typical values in GAIM. In
this section, first we focus on how the computed finger shape,
the velocity and pressure fields and some other characteristics
of the process depend on this basic set of parameter values and,
subsequently, we examine how these process characteristics
are affected by changes in parameter values around this base
case.

Figure 2 shows snapshots of fluid displacement under creep-
ing flow conditions inside an undulating tube with total dimen-
sionless length equal to &' = 12. The lengths of the intro-
ductory and the exit tubes are equal to &, = g, = 1.2.
Numerical experiments have shown that this exit length is
sufficient, as it does not affect the flow field, which has become
fully developed in this case before the exit plane, even when
the bubble front is very close to it (Figure 2e). The spatial
wavelength of each undulation is equal to A = 2.4, and the ratio
of the minimum to the maximum radius is R,,;,/R,,.. = 0.7.
Finally, the dimensionless applied pressure at the left entrance
is P,,, = 8333. The snapshots show contour lines of the axial
(upper half) and radial (lower half) velocity components at five
time instances when the bubble tip is at Z,;, = 2, 4, 6, 8 and
10, respectively. The bubble exhibits a continuous variation of
its front, and also its side surface in order either to squeeze
through the constrictions of the tube or to expand inside its
wider sections. Since the undulation ratio is moderate, the
bubble front never becomes too pointed in the process, as it did
in a tube with a sudden constriction.?>23 The remaining film has
a nonuniform thickness distribution, being thinner in regions
where the tube undergoes expansions, and thicker where the
tube undergoes contractions. In other words, after the bubble
passes through a constriction, it immediately expands forcing
most of the liquid away, but it cannot keep moving parallel to
the wall up to the tube crest. Instead, it turns away from the
wall leaving a thicker film behind it and, to some extend,
bypasses the rest of the undulation reaching the next constric-
tion. Thus, the maxima and minima of the bubble interface
arise before the corresponding ones on the wall. Since the
bubble acts on the liquid only through its constant pressure, this
variation is caused by the relatively small, in this case, capillary
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Figure 2. Contour lines of the axial and radial velocity
component, upper and lower part of each fig-
ure, in an undulated tube with R,,,;,/R,,,. = 0.7
at 7 = 1.06, 1.72, 2.21, 2.56 and 2.79. (Re,, P,
e, n, g, e) = (0,8333,12, 4, 1.2, 1.2).

force, but mainly by the locally sharper pressure gradient. Both
the capillary force and the pressure gradient (see Figure 3) are
maximized at a tube constriction leading to minimization of the
liquid pressure just ahead of the bubble tip and to the easier
removal of liquid by gas. Exactly the opposite occurs at a tube
expansion.

Returning to Figure 2, we observe that the absence of inertia
allows the flow field in the area ahead of the bubble tip and
before the last tube expansion to remain symmetric with re-
spect to planes normal to the axis of symmetry at locations,
where the tube radius is either minimized or maximized. The
radial velocity is always positive around the bubble front as
liquid has to be moved aside for the bubble to pass. Further
downstream there is a succession of positive (in the expanding
section) and negative (in the constricting section) radial veloc-
ities. This symmetry of the flow field in each undulation is
disturbed only by the presence of the bubble front. In the
illustrated snapshots, with the exception of the first one at 7 =
1.063, the maximum value of v, is located on the side of the
bubble front, whereas its minimum is always located down-
stream from the bubble front and before a constriction. Of
course, because of the previously mentioned flow symmetry,
three and two local minima exist in the first two instances. The
figure depicts the positions of the maximum and the minimum
values of both velocity components, noting that the minimum
of the axial velocity is zero and occurs along the tube wall. The
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Figure 3. Contour lines of pressure in an undulated tube
with R,,;,/R,,,.x = 0.7 at = = 1.06, 1.72, 2.21,
2.56 and 2.79. (Re,, P.,., €', n, €, &) = (0,
8333, 12, 4, 1.2, 1.2).

contour lines of the axial velocity component follow the vari-
ation of the tube wall and exhibit local maxima around the
constrictions. The location of the absolute maximum in axial
velocity is either at the bubble tip when that is going through
a constriction (Figure 2a and 2e), or at the first constriction
ahead of the bubble front when the bubble tip is in the wider
part of the tube (Figure 2b,c,d). For example, at 7 = 1.715
(Figure 2b) the tip velocity is v,;,, = 0.266, whereas the
maximum of is v, 0.293, while at 7 = 2.211 (Figure 2¢) v;, =
0.324 and max(v,) = 0.399. Common feature of both these
snapshots is that the bubble front is expanding, and, thus, its
instantaneous axial velocity has to decrease.

The pressure distribution in the liquid is shown in Figure 3.
The pressure decrease is stronger around the constricted sec-
tions, since more energy is consumed there so that the liquid
can overcome the constriction. The axial pressure variation
resembles compression waves. At the tube exit, the pressure
isolines are straight and parallel to each other, intersecting
vertically the tube wall. Therefore, the pressure gradient there
becomes one-dimensional (1-D), in the axial direction only,
and linear even when the bubble front is very close to it (Figure
3e), verifying that indeed the flow is well developed at the exit.
Pressure isolines intersect the undulating wall nearly vertically,
as well. So they have to bend following the tube geometry. Due
to the specific morphology of the wall, the pressure varies on
the deposited material for a distance of about a tube diameter
behind the bubble tip, something we did not observe in straight
tubes. Of course, keeping the pressure constant at the two ends
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of the tube leads to pressure gradients that increase with time
and an accelerating flow.

Figure 4 helps us appreciate quantitatively the axial pressure
variation in the tube by showing its values along the wall.
Examining first the curve that corresponds to the first time
instant (1 = 1.07), we observe that apparently there is a
different variation of the pressure along the three distinct parts
of the tube. The pressure drop is a linear function of the axial
position in the introductory and the exit sections, and under-
goes a smooth and nearly stepwise variation inside the undu-
lating part. The pressure drop inside each undulation filled with
liquid equals — 0.238. The pressure drop along the exit tube is
significantly greater than that in the introductory tube, because
part of the volume of the latter is occupied by gas, and the rest
by nearly stationary liquid neither of which consumes energy in
the form of pressure loss in order to move. As time increases,
the slope of the pressure curves in the introductory tube and the
partially gas-occupied undulations decreases (in absolute
value), approaching zero and so, in a longer section of the tube
wall the pressure approaches 1.0, while, necessarily, the cor-
responding slope in the exit tube and in the undulations still
occupied by liquid increases. The slope in the exit tube takes
successively the values —0.042, —0.054, —0.072, —0.109, and
—0.276 at the indicated time instants, while its value in each
liquid filled undulation changes from —0.302 at =1.715 to
—0.414 at T = 2.23.

The previous two figures give us only the spatial variation of
pressure at given time instants. In experiments, it is easier to
record the time-evolution of the pressure at a certain location,
and as we will see shortly this can be used to locate the position
of the bubble tip. To this end, we have drawn in Figure 5 the
tip pressure vs. time, and in Figure 6 the wall pressure, P,, at
7. = 6 vs. bubble-tip position. In addition to the tip pressure, in
Figure 5 we have included the time evolution of the tip veloc-
ity. The initial value of the tip pressure immediately after the
beginning of the process is slightly above one, 1.013, for
reasons we have explained elsewhere.?> Up to 7 = 1.0 the

Pressure on the wall

Axial Distance

Figure 4. Pressure distribution on the tube wall at vari-
ous time instants for (Re,, Pos €', Rpin/ Rmaxs
n, g, ;) = (0, 8333, 12, 0.7, 4, 1.2, 1.2).
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[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

pressure declines linearly, but beyond this time it exhibits, in
addition to its decline on average, periodic variations with an
increasing amplitude and frequency. Table 2 summarizes the
values of the temporal maximum and minimum values of the
tip pressure and velocity during the whole process. There is a
time delay in the response of the pressure at the bubble tip; it
has a local minimum or maximum after the bubble front has
passed through the tube minimum or maximum, respectively.
For example, the bubble reaches at the first constriction at T =
1.142, and the pressure is minimized at 7 = 1.269. On the other
hand, the response of the bubble-tip velocity is completely
different. It begins with a nonzero initial value, v,, = 0.113,
because of the absence of liquid inertia, and increases, but
nonmonotonically because of the combination of the acceler-

1.0

0.9

0.8

0.7

0.6

0.5

tip

Figure 6. The evolution of the pressure at the middle of
the tube wall as a function of the location of
the bubble tip for (Re,,, Peyss €, Ropin/Rmaxs Ny
€, &) = (0, 8333, 12, 0.7, 4, 1.2, 1.2).
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Table 2. Temporal Maximum (M) and Minimum () Values

of the Tip Pressure and Velocity for Re, = 0, P,,, = 8333,
n=4,R,/R,,. =07and e =12
Points Character Time Pressure Velocity

1 M 1.215 — 0.283

2 m 1.269 0.875 —

3 m 1.537 — 0.228

4 M 1.721 0.971 —

5 M 1.951 — 0.377

6 m 1.954 0.842 —

7 m 2.171 — 0.319

8 M 2.308 0.961 —

9 M 2.489 — 0.562
10 m 2.504 0.763 —
11 m 2.588 — 0.531
12 M 2.688 0.933 —

ating nature of the flow and the variable tube radius. The
velocity is maximized right after each constriction and mini-
mized right after each expansion. Thus, the response of the
velocity is also delayed, but not as much as the pressure.
Although the curve of the time evolution of the pressure
on the tube wall at Z = 6 does not exhibit as large variations
as the tip pressure, it varies more until the bubble tip passes
by this observation position, at which point it starts ap-
proaching its asymptote 1. When the process begins, the
initial value of the local pressure is nearly 0.5 (0.502),
because the point is located in the middle of the tube. Then
it starts to increase with a rather small slope until the bubble
passes over the first constriction at which instant its slope
increases more abruptly. Subsequently, the wall pressure at
7. = 6 has a smaller slope until the bubble overcomes the
resistance of the second constriction, when another sharp
increase in the pressure slope is observed. After that and
when the bubble tip reaches the location Z = 6 the pressure
takes ~90% of its final value 0.906, and signifies that the
bubble tip has passed this observation location. Beyond this
instant, the slope of the curve declines steadily and the
pressure reaches its final value of 1. This means that the
remaining film has taken a permanent shape and is not
affected any more by the externally applied pressure.

Effect of undulation ratio (S = R,,;,/R

The undulation ratio may vary from very small (~0.1) to
values up to 1 (then the tube becomes straight) depending on
the application that we are interested in. We begin the para-
metric analysis of the contraction ratio with an interesting
observation about the distribution of the remaining material
inside undulating tubes under creeping flow conditions (Re, =
0), large values of the externally applied pressure (P,,, = 8333)
and R,,;,/R,,.. = 0.8. Figure 7 shows superimposed snapshots
of the evolution of the free surface at times that correspond to
tip locations Z,,-p = 4.056, 6.015, 8.046, 10.03, and 11.99, as
seen in a specific tube section. We observe that the shape of the
remaining film is not modified after its width has been adjusted
by the passing bubble, despite the constant gas pressure and the
accelerating nature of the flow. If we focus on a single undu-
lation, we observe again that the free surface exhibits a quasi-
periodic distribution with its crest and trough shifted in the
upstream direction with respect to the tube maximum and
minimum, respectively. The periodicity of the interface is in
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agreement with previous theoretical studies, which a priori
assumed periodicity in the steady and transient, core-annular
flow of two viscous fluids inside periodically constricted
tubes.?7-2°

Figure 8 shows the distributions of the free surface in the
second expansion for four tubes with undulation ratios 0.8
(Figure 8a), 0.6 (Figure 8b), 0.4 (Figure 8c), and 0.2 (Figure
8d), under creeping flow conditions. For clarity, the illustrated
tube section is slightly longer than the wavelength of a single
undulation. All the snapshots correspond to long times for each
geometry, so that the remaining film in this section has reached
its final thickness. The interfaces are indicated by the dotted
lines in which the darker dots correspond to the exact locations
of mesh nodes, and the lighter ones to straight line interpola-
tions between them. Comparing first the times on each figure
against the nearly equal bubble tip locations in Table 3, we
clearly see an increase in the time the bubble needs to go
through each constriction as R, /R,,.. decreases. The table
also gives the locations and the values of the interface maxi-
mum and minimum in each case. In order to determine these
values to the indicated accuracy we used least squares, and a
fourth-degree polynomial interpolation of eight mesh points
that were visibly closest to each extremum in Figure 8. The
data in the table indicate that, whereas the location of the crest
and the trough of the interface are invariant with R,,,;,/R,,,...» and
upstream with respect to the maxima and minima in the tube
radius, their values decrease with the ratio in tube radii and
more so the radius at the bubble trough. This is a result of the
increased effort by the bubble to pass through a narrower
constriction and its inability to expand to the same extend after
it does, instead it remains narrower following more closely the
path of minimum resistance to the next constriction. Starting
from the location downstream from the tube minimum, where
the bubble surface has an inflection point and moving in the
downstream direction the width of the remaining film increases
and begins to decrease only for axial distances greater than
~6.3. The minimum width of the film is located upstream with
respect to the interface crest irrespective of the value of R,,;,/
R,... For example, the minimum width for undulation ratio
equal to 0.2 is located at Z ~5.1. From a computational point
of view, we see in Figure 8 and Table 3, that as the arc length
of the tube wall increases (that is, decreases), the number of
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Table 3. Locations and Values of Interface Crest and Troughs and Number of Mesh Points as a Function of R

/R for

min' "Y' max

P, =8333,Re, =0, =12

S =R,/ Location of Bubble Minimum Maximum Mesh Nodes on Mesh Nodes in the
R, Tip, Z,;, Location Radius Location Radius Interface in Section Radial Direction
0.8 8.046 4.540 0.487 5.708 0.628 8 47
0.6 8.770 4.539 0.333 5.695 0.611 11 47
0.4 8.287 4.540 0.185 5.681 0.575 18 61
0.2 8.078 4.540 0.070 5.689 0.524 24 81

nodes needed in each tube section to accurately describe the
bubble surface, increases as well. In order to achieve this
increase, we had to increase the radial nodes in the computa-
tional domain before the start of the simulation resulting in an
increase in the computational cost and then allow the mesh
generation scheme to allocate them where they are needed the
most, that is, where the interface undergoes the most rapid
changes.

In addition to the free surface, the undulation ratio affects the
distribution of pressure along the tube. In order to demonstrate
this, we have computed the fluid pressure on the tube wall at
given time instant for zero Reynolds number and several values
of S, but show them only for the extreme values of § = 0.9 and
0.2 in Figure 9. The case with R,,;,/R,,,.. = 0.7 was discussed
in relation to Figure 4. As the ratio R,,;,/R,,.. decreases, the
impact of the undulated part of the tube on the evolution of the
bubble becomes more significant than that of the introductory
or the exit sections of the tube. This is apparent even in Figure
4, where we observe that the variation of the pressure gradient
inside the introductory tube is nearly zero for all times, while
inside the exit tube is low except when the bubble tip has come
very close to it. For undulation ratio 0.9 (Figure 9a), the
pressure exhibits small amplitude oscillations superimposed on
a linear decrease, which becomes sharper with time. The
steeper gradient at time 7 = 0.64 is equal to —0.137, and
occurs in the second constriction. As the part of the tube, which
is occupied by air increases, a larger portion of a pressure curve
approaches a zero slope, and the steepest gradient approaches
its value in the tube exit. On the other hand, when § = 0.2, the
pressure undergoes nearly step changes in each undulation
from the very beginning, with sharp decreases in each constric-
tion still occupied with liquid to be displaced.

Changes in R,,;,/R,,.. affect the bubble tip and tube outflow
velocity, as well. Figure 10 shows simultaneously their time
evolution for four values of R,,;,/R,,... (2) 0.9, (b) 0.6, and (c)
0.2. Both velocities are represented by the corresponding cap-
illary numbers, and their values are obtained from Ca,;,, =
P .10y, for example. This makes plain that due to the accel-
erating character of the flow, the usual dimensionless parame-
ters, such as Ca,;,, are not constant. In the last two cases, the
number of radial elements has been increased, as indicated in
Table 3. For R,,;,/R,... = 0.9, Figure 10a, the response of the
two velocities is similar to that in a straight tube,?? since the
amplitude of the wall undulation is small. Both velocities
increase slowly with time, until the time the bubble tip is near
the tube exit, when a steep increase by almost an order of
magnitude in velocities is seen. Superimposed on these curves
one may observe small amplitude variations, which are caused
by the small undulations of the free-surface during its devel-
opment. The initial values of Ca,, = 1660.9 and Ca,,, =
1736.5 differ by about 5%. However, the mean acceleration of

2716 DOI 10.1002/aic

Published on behalf of the AIChE

the bubble tip is higher than that at the outlet, and the velocity
at the outlet is less sensitive to temporal variations of the flow.
At time 7 ~2, the bubble comes close to the exit and both
quantities increase by more than an order of magnitude. The
simulation stops when the bubble approaches the outflow
boundary Z = 11.999 at 7 = 2.049. As R,,,;,/R,,... decreases, the
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Figure 9. Effect of the tube undulation ratio on the pres-
sure distribution on the tube wall for (a) R,,,;,/
R,,.x = 0.9 and (b) R,,,;,/R,,,.x = 0.2 with (Re,,
P.. e ', n, g, ¢) = (0, 8333, 12, 4, 1.2, 1.2).
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Figure 10. Effect of the tube undulation ratio on both the
time variation of the velocity of the fingertip
(Ca,;,,) and the velocity at the centerline of the
outlet boundary (Ca,,,) () R,,in/Rmax = 0.9,
(b) R,,in/Bmax = 0.6 and (c) R,,,;,/Rmax = 0.2
with (Re,, P.,., ¢, n, g, £,) = (0, 8333, 12, 4,
1.2, 1.2).

difference between the responses of the two velocities becomes
more apparent. In particular, for R, /R,,.. = 0.6, the tip
velocity takes initially a smaller, nonzero value (Ca,, =
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616.8), increases until reaching a local maximum at 7 = 1.722,
then it decreases until reaching another local minimum, and so
on. The bubble motion is decelerated and accelerated whenever
the bubble is going through a constriction or an expansion in
the tube (particular values from this and other figures, herein,
are available upon request from the authors). In contrast, the
outlet velocity, measured as Ca,,, exhibits a different response
to the variations of the tip velocity. Its initial value is 644.82,
about 5% larger than the tip velocity and its increase is mono-
tonic, but its acceleration changes from low to high periodi-
cally. The maxima in the evolution of the tip velocity are
immediately followed by temporary increases of the accelera-
tion in the outlet, whereas after the tip velocity minima, the
acceleration of the outlet velocity decreases, always remaining
positive. A further decrease in the undulation ratio, R,,;,/R,,..
= 0.2 intensifies these features of the bubble tip velocity inside
the sinusoidally varying segment of the tube, making the peaks
narrower and steeper. On the other hand, the variations of the
outlet velocity resemble those of a system that undergoes
stepwise increases. In fact, we may conclude that the coupled
system of Ca,,Ca,,, for small values of R,,;/R,,,, tends to
respond in a rather simple way. The tip velocity approaches a
sequence of Dirac delta functions (8(T — 7,)), while the signal
at the outflow boundary consists of the time-integrated re-
sponses of these functions. In other words, Ca,,, follows the
Heaviside function H(7) = [J d8(7")d1’.

Figure 11 shows that the bubble tip moves toward the tube
exit monotonically and, of course, each time the tip velocity
has a maximum as the bubble front passes through a constric-
tion, it is displaced faster. This effect becomes more pro-
nounced as S decreases, and it is shown here for § = 0.2. This
picture is very similar to the one reported by Gauglitz and
Radke.?° There it was shown theoretically and experimentally
that as the bubble was going through a single constriction its
front would undergo either a dumped oscillation or a step
increase depending on whether the Ohnesorge number (Oh =
W/ (pR,,00)"7 = (P,./Re,)*”) was below or above 0.02. In

0 L 1 ; 1 . 1 . I . I ;
o] 10 20 30 40 50 60
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Figure 11. Evolution of the bubble tip location with
(Rmin/Rmax! Re Pext! 8_1! n! 8i! ee) = (0'2! 0!

p?

8333, 12, 4, 1.2, 1.2).
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all the results presented herein, Oh>0.02. A very similar
prediction has been reported by Staples and Shaffer.+>

An important result of these simulations is the determination
of the volume of remaining liquid in each undulation during
this gas-assisted displacement from the interior of a tube, and
its dependence on the ratio. This amount is defined as

JAR%ZMZ

m=1-— (20)

f‘ﬁaﬂ

and as seen in Figure 12, its value increases, as R,,;,/R,ax
decreases. Of course its value for as R,,;,/R,,.. = 1 coincides
with the result for a straight tube, m = 0.595.823 The increase
in the remaining liquid fraction results from the smaller de-
crease in the crests and troughs in the bubble wavy side surface
as R,,;,/R,... decreases, and, thus, from the increased tendency
of the bubble to avoid sweeping the liquid from the wider parts
of the tube. Characteristically, the relative increase of m, when
R,,.i/R e decreases from 0.7 to 0.4, is equal to 12.1%. It must
be noted that these calculations are based on integrating a
fourth-degree polynomial interpolation of sequences of eight
mesh points on the free surface, which was obtained using least
squares.

Effect of the Reynolds number

Inertia is an important factor in the dynamics of the displace-
ment process. We have already shown?>23 that in straight tubes
inertia controls the thickness distribution of the remaining film,
the evolution of both the tip velocity and the velocity at the exit
boundary, and so on. In order not to increase substantially the
length of the exit tube every time we increase Re, and then
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have to check that the results are independent of it, we employ
the “soft” boundary conditions at the exit and keep both ve-
locities as unknowns there.?® It is well known that this tech-
nique is even more suitable for parabolic problems, since in
such problems any information propagates mainly in the down-
stream direction.

Figure 13 depicts the evolution of the free-surface for three
values of the pressure-based Reynolds number (a) 10%, (b) 10°,
and (c) 5 X 10°. The total dimensionless length of the tube is
12, and the undulation ratio of the wall is R,,;/R,,.. = 0.8.
Beginning with Figure 13a, we conclude that up to Re, = 100
the effect of inertia is not very significant, with the exception of
the bubble front at early times 7 = 1.85, which is wider than in
the case with Re, = 0. At the initial stages of the bubble
penetration, its front is almost flat and tends to displace more of
the material that initially occupies the introductory tube pro-
ducing a thinner film. However, this is limited only to its
motion in the introductory tube. After the bubble tip reaches
the first constriction, the locally increased inertia (the axial
velocity is maximized there) forces the bubble to partially
bypass the next widening in the tube, and its side interface does
not follow closely the variations of the tube wall even as the
tube radius increases. This is opposite to the recurring theme in
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Figure 13. Effect of Reynolds number on evolution of the
free surface for (a) Re, = 10> (b) Re, = 10°,
and (c) Re, = 5 X 10°* (Pexy £, Ronin/Rinaxs
n, g, ;) = (8333, 12, 0.8, 4, 1.2, 1.2).
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and various values of Re,,.

our simulations with Re, = 0, irrespective of the values of the
other parameters. This effect is repeated after the bubble passes
through the other constrictions and is magnified as the bubble
penetrates at longer distances. As a result, increasing Re,
makes the width of the remaining film smaller in the introduc-
tory tube, but it keeps increasing along the axial distance. On
the contrary, in the other two figures the effect of the increased
is more apparent. Characteristically, for Re, = 5 X 10°, the
front of the bubble is so wide that the width of the remaining
film at the first constriction is equal to 0.104 only, while the
corresponding values for the other values of the Reynolds
number are 0.261 (10%), and 0.16 (10°). These widths have
been measured at long times, when the thickness of the film has
reached its (asymptotic) minimum value as an equilibrium
between the air pressure and the liquid normal forces has been
established. Of course, increasing the Reynolds number breaks
the symmetry in the deposited film. In fact, the bubble is still
affected by the undulating wall, and the wavelength between
the crests and troughs on its side surface is slightly smaller than
the wavelength in the tube wall but seems to increase in the
downstream direction (2.36 and 2.37 for the first two waves at
Re, = 103, vs. A = 2.4). Since the arc length of the free surface
has increased a lot and the originally introduced mesh points
are not sufficient to resolve it, we increased the radial nodes to
100 in order to get converged solution in Figure 13c.

When we compare the snapshots from the three previous
cases that correspond to equal displacements of the bubble tip,
we conclude that increasing Re,, increases the dimensionless
time of the process, whereas the dimensional time actually
decreases, due to the way we have nondimensionlized the
velocity. Indeed the characteristic time ¢, scales as f., ~
(LR, 4P/ ) Re,, '. Figure 14 depicts the evolution of the tip
velocity, represented here by the local value of the Reynolds
number, based on the bubble tip velocity Re,;,, for various
values of Re,. The nonzero value of the Reynolds number,
allows the tip velocity to start from zero. Re,, increases mono-
tonically with time with some small amplitude oscillations, as
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the bubble tip goes through the tube constrictions. Because of
its definition, the dimensionless velocity, v is inversely propor-
tional to Re,. Therefore, although Re, increases significantly,
Re,;, depends weakly on it, because Re,;,, = Re,v,;,. More-
over, the particular values Re,;, are smaller than the corre-
sponding ones of Re, by a factor of 2—12 up to the time the
bubble enters the exit tube. Even after the final acceleration, the
final values of for each simulation are 113.04, 255.11, 340.33,
and 417.3, clearly much smaller than the corresponding Re,,.
This demonstrates that the velocity based Reynolds number
increases with time, but always remains in the laminar regime.
Each simulation seems to stop earlier although the bubble has
nearly covered the whole tube in each case, because the char-
acteristic time is inversely proportional to Re,. Although the
times do not correspond to equal axial penetrations of the
bubble, they offer an indicative picture of the mean variation of
each curve. Had we represented the tip velocity with Ca,,,
instead of Re,,,, we would have observed a strong increase of
Ca,, with decreasing Re,;,, because Ca,;, = P,V

It is instructive to visualize the velocity distribution at high
values of Re,,. To this end, we have plotted isolines of the axial
and radial velocity components in discrete instances and at Re,
= 3 X 10* (Figure 15). Despite this very large value of Re,,
a tip splitting instability does not arise in this geometry, as we
had seen in a straight tube, even at the lower value of Re,
~4,000, see Dimakopoulos and Tsamopoulos.?*2* This is be-
cause the sequence of expansions and contractions of the
bubble front do not allow it to develop a flat shape, which in

-2
_ 183x10 2.65x10°

Figure 15. Contour lines of the axial and radial velocity
component, upper and lower part of each fig-
ure, in an undulated tube with R,,,;./R,,... =
0.6 at 7 = 35.79, 43.53, 49.38, and 54.25. (Re,,,
P € ',n,¢g,e) = (3 x 10% 8333, 12, 4, 1.2,
1.2).
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Figure 16. Contour lines of pressure in an undulated

tube with R, /R, = 0.6 at 7 = 35.79, 43.53,
49.38, and 54.25. (Re,,, P, £ ', 1, £, &) = (3
x 104, 8333, 12, 4, 1.2, 1.2).

combination with the accelerating flow would be susceptible to
this instability. From the very beginning of the process (7 =
34.776) the flow field is completely different from the one we
described in relation to Figure 2. The velocity does not have the
two planes of symmetry within each undulation any more, but
remains periodic between successive undulations with the ex-
ception of the undulation closest to the bubble tip. Moreover,
the contour lines are strongly shifted in the flow direction.
Starting with the axial velocity, we see that inside the tube
expansions the velocity becomes negative closer to the wall.
That is, a recirculation arises in these areas. The most intense
recirculation develops inside the exit tube after the last con-
striction, and covers a large portion of this area. The axial
velocity takes its minimum value there, which is equal to
—2.65 X 1072 at the first recorded instant. At the same time,
the maximum axial velocity is equal to 1.83 X 1072, and is
located at the first constriction ahead of the bubble tip. Addi-
tionally, there is a clear distinction of the axial flow field into
three regions depending on whether the radial position is
larger, approximately equal or smaller than R,,;/R,,,.- As we
have already mentioned, when R > R, /R,,... flow recircula-
tion is observed. In the second region, R ~ R,,;,/R,,... @ shear
layer arises with a strong velocity gradient in the radial direc-
tion, which spans the whole length of the tube. In the inner
region R < R,,;,/R,.... the axial velocity varies slightly in the
axial direction and even less so in the radial one, that is, it
approaches plug flow. All three regions exist until the end of
the simulation. Although the recirculations appear in all four
snapshots and the area that they occupy is nearly time invari-
ant, their magnitude changes with time. In all cases shown in
Figure 15 max(v,) is located ahead of the bubble tip as the
bubble is in the wider part of the tube, whereas at times not
shown in this figure, and when the bubble tip is inside a
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constriction, the maximum axial velocity is located at the
bubble tip. The position of the maximum radial velocity also
varies with time. In the two first instants, it is located far
downstream in the exit segment of the tube, while in the last
two snapshots it appears, as is more common, on the side of the
bubble surface. Another interesting point is that the negative
regions of the radial velocity are located in the entrance of
either the first constriction (Figure 15a) or all the constrictions
ahead of the bubble (Figure 15b,c,d), because of the periodicity
in the flow field. Generally, the radial velocity takes positive
values in a larger portion of each undulation, and its variation
is smoother there. In this largest value of inertia forces the
bubble to avoid entering the wider part of the geometry, but to
move in a more straight fashion with slight appearance of crests
and troughs on its side surface. Throughout the simulation, the
Reynolds number based on the maximum axial velocity is
about two-orders of magnitude smaller than Re,,.

Figure 16 depicts the pressure distribution for the same flow
parameters. It is noteworthy that always the maximum and the
minimum values of the pressure are outside the range (0, 1).
The position of the extrema is always on the tube wall, with the
minimum located just after the last constriction and the maxi-
mum either at the entrance of the constriction at the level of or
just ahead of the bubble tip, when this is located in the wider
part of the tube (Figure 16b,c), or just behind it when it is in a
constriction (Figurel6a,d). The periodic pattern described for
the velocity field is found here as well. The general clarity of
this figure, depicting the most sensitive of the variables, the
pressure, attests to the accuracy of our solution. The complete
pressure distribution on the tube wall and at consecutive in-
stances can be seen in Figure 17. Significant variations of the
pressure take place throughout the tube. The most noteworthy
of them is the small pressure increase within each wider portion
of the tube and its exit. The increase especially in the exit is in
contrast with the linear decrease, which appears at Re, = 0,
compare with Figures 3 and 4. Cleary, the pressure now varies
nonmonotonically in space and time. In the tube entrance, it is

22—

Pressure on the wall

Axial Distance

Figure 17. Pressure distribution on the tube wall at var-
ious instances for (Re,, P.., €', Rpin/Rmaxs
n, g, £,) = (3 x 10%, 8333, 12, 0.6, 4, 1.2, 1.2).
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Figure 18. Time evolution of the location of the tip for
(Reps Pexts Rmin/Rimaxs € £0) = (0, 8333, 0.7,
1.2, 1.2), and different numbers of undula-
tions.

~1 at all four instances. From the very first stages of the bubble
evolution, just before each constriction, a large pressure drop
occurs, followed by a wavy pressure variation after it. Their
amplitudes are similar in each undulation at a given time
instant. After the bubble front passes by a constriction, the
pressure variation decreases there and the pressure slowly
approaches 1. Necessarily, this is accompanied by an increase
in the amplitude of the remaining waves and in the pressure
jump after them. For example, at 7 = 55.34, two waves may be
seen: the first one covers the tube length between 4.84 and 5.55
and the second one is longer, between 6.508 and 7.865. The
difference between the maximum and the minimum amplitude
of the former is equal to 0.031, while the corresponding dif-
ference of the latter is 0.148. The minimum value of the
pressure at all times is located at Z = 9.65 and equals —0.1369,
—0.239, —0.225, and—0.32 at times 7 = 35.55, 43.54, 49.28
and 53.34. The slope of the pressure jump in the last constric-
tion increases monotonically with time and at 7 = 55.23 the
pressure curve becomes almost parallel to the vertical axis.

Effect of the number of undulations

First, we examined the effect of the number of tube undu-
lations on the film thickness. To this end, we kept the dimen-
sionless length of the introductory and the exit tubes constant,
both equal to &; = ¢, = 1.2 and increased the number of
undulations in the tube n, from 4 to 6, while R,,,;,/R,,,.. = 0.7.
Each one of the undulations has length equal to A = 1.9, and,
consequently, the total aspect ratio changes from &' =10 to
11.9 to 13.8. Creeping flow conditions remain and a large
pressure difference is applied P,,, = 8333. We observed that
all three interfaces coincide, as long as the bubble front is well
ahead of the examined tube section. This confirms once more
that, under creeping flow, one can safely predict the film
thickness using a single periodic segment of the tube and apply
periodic boundary conditions between its ends.

The effect of the undulation ratio on the dynamic response of
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tip

Figure 19. Evolution of the tip velocity for different num-
bers of undulations (Re,, P.,:s Rpmin/Rmaxs €5
&,) = (0, 8333, 0.7, 1.2, 1.2).

the tip location, its velocity and the pressure difference be-
tween the two ends of the liquid are shown in Figures 18, 19,
and 20. In particular, in Figure 18 we observe that the evolution
of the location of the tip exhibits small-amplitude oscillations,
a direct consequence of the tube geometry, superimposed on a
monotonic increase.’® In addition, the time required for the
bubble tip to reach a certain position in the tube increases or the
bubble covers a longer distance at a given time as decreases or,
equivalently, as the total length of the tube decreases. Although
the pressure gradient would require the opposite, this indeed is
the case, and it is readily explained considering that the char-

tip
Figure 20. Evolution of the pressure difference between
the centerpoint on the outlet boundary and
the bubble tip for different numbers of undu-
lations. (Re,, Poyts Rmin/Rmaxs As & €5) = (0,
8333, 0.7, 1.9, 1.2, 1.2).
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Figure 21. Close ups of the bubble evolution in an undu-
lated tube with n = 4, and £~ = 16 for (Re,,
P yts Brin/ Rmaxs €is €6) = (0, 8333, 0.7, 1.2, 1.2).

acteristic time is proportional to L?, leading to larger dimen-
sional times as increases. Figure 19 shows that the three curves
representing the evolution of the tip velocity deviate, especially
at distances Z,;, > 3. Curves that correspond ton = 5 and n =
6 continue their evolution inside the tube for an additional
undulation. Thereafter, the deviation between them becomes
more apparent, but this is not included in this figure. Clearly,
the local and absolute maxima in the velocity are always larger
for n = 4, and quite interestingly there is a slight, but persistent
shift of the locations of the maxima to the right as n decreases.
Similar effects can be observed in Figure 20, wherein the
pressure difference AP, between the bubble tip and the cen-
terpoint of the outflow boundary is depicted. Here as well, the
amplitude of the variation of AP increases as n decreases. For
the two cases with more undulations, this effect is not so
intense and the growth rate is smaller, just because at the
bubble tip for n = 5 and 6 there are still a number of undula-
tions before the tube exit.

Effect of geometric wavelength

Next, we examine the effect of the wavelength of each
undulation on the displacement process. Figure 21 depicts a
portion of the tube and the penetrating bubble at different
instances with geometric parameters n = 4, e ! = 16,
R,in/R oy = 0.7, and A = 3.40, and flow conditions such that
the effect of capillary and inertia forces is negligible P,,, =
8333 and Re p = 0. The distribution of the remaining film, as
well as the penetration of the bubble inside each undulation
shares common characteristics with those in Figure 7. Calcu-
lating the remaining fraction as described earlier shows that the
material that is deposited on the wall is now significantly
decreased. In particular, for the current values of parameters
m,= 0.619, while for A= 1.90 the approximate value of m,, is
0.641. In particular, Figure 22 shows that the remaining liquid
fraction, defined by Eq. 20, increases almost linearly with the
inverse wavelength of the tube undulations and, of course, as
A~!' — 0 the remaining fraction approaches its value for a
straight tube, 0.595.8.23

Information about the evolution of the tip location and its
velocity for the same physical properties, and total dimension-
less lengths varying from 10 to 16, because of variations in are
shown in Figures 23 and 24. In particular, as the wavelength of
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Figure 22. Variation of the remaining fraction as function
of the inverse undulation wavelength (1/A) for
(Rep’ Pext’ Rmin/Rmax, Eis se) = (ol 8333! 0'7! 4!
1.2, 1.2).. Also shown is a best fit to the points
by a second-degree polynomial m, = 0.595 —
6.24 x 1072(1/A) + 6.27 x 102(1/A)2

tube undulation increases and, consequently, increases &~ ! the
dimensionless time that is required by the bubble to reach the
exit of each tube increases as well. It is quite interesting that the
dimensionless acceleration that is caused by the increase in the
wavelength is more significant than that caused by increasing
the number of undulations, although both result in about the
same increase in € '. This becomes apparent if we compare
Figures 18 and 23. Characteristically, the distances that have
been covered by the bubble within 2.5 units of dimensionless
time for A = 1.90, 2.40, 2.90, and 3.40 (or ¢! = 10, 12, 14,
16) are 5.979, 7.551, 9.110, and 10.661. As we discussed
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Figure 23. Time evolution of the location of the tip for
different undulation wavelengths and total
lengths of the tube (Re,,, Poyss Rmin/Rmaxs N €5
£.) = (0, 8333, 0.7, 4, 1.2, 1.2).
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Figure 24. Evolution of the velocity of the tip for different
undulation wavelengths and total lengths of
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earlier, the dimensionless distance covered within the same
time interval for n = 6, (¢~ = 13.8, Figure 19) equals 8.642.
Another way to understand this is by examining the evolution
of the tip velocity (Figure 24); in particular, the distance
between points that the tip velocity is maximized. For example,
in the case of A = 1.90, the axial distance between the two first
maximum points is very close to the tube wavelength 1.901,
while the axial distance between the third and the second local
maxima is 1.998. If we examine the evolution curve for A =
3.40, we will observe that the axial distance between the first
two crests is 3.447, which is not as close to the tube wavelength
as it was for A = 1.90, and it increases further, since the
distance between the third and second maxima is 3.554. In
other words, increasing the wavelength of the tube decreases
the resistance to the motion of the liquid, which does not
exactly follow the wall geometry and can easier accommodate
the tube undulations. Generally, the velocity curves are shifted
to the right (because of the change in the length scaling) and
down (because of the decreased resistance) as A increases.
Studying the evolution of the pressure difference between the
bubble tip and the centerpoint at the exit boundary, not in-
cluded for conciseness, we observe a shifting of the curves to
longer times and higher pressures as A decreases. Moreover,
the amplitude of the periodic variations decreases as A in-
creases. This is in agreement with the previous discussion and
conclusions related to velocity.

Bubble break up

While studying the displacement of a viscoplastic material
from suddenly constricted tubes Dimakopoulos and Tsamopou-
los?* have demonstrated that inertia can lead to the develop-
ment of air entrapments as the bubble tries to squeeze through
the constriction and then expand in the narrower tube. On the
other hand, while studying the effect of the ratio of the tube
radii S, we have shown that decreasing it down to 0.2 created
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a gas jet with a very narrow radius just before each tube
constriction. Decreasing S further would lead to nearly isolated
bubbles, one in each tube undulation. Therefore, it is natural to
anticipate that the same effect could be generated by keeping at
a low value and increasing the liquid inertia. This increase in
Re,, would allow the liquid to keep converging toward the axis
of symmetry of the tube as it approaches the tube constriction
and further decrease the neck of the air jet. This is indeed made
clear by comparing the two cases with Re, = 0, 1,000, in
Figure 25. Here the same small undulation ratio is used, R,/
R,... = 0.2, while the rest parameters are (P,,,, ¢ ', A, n) =
(8333, 12, 2.4, 4). In both cases the bubble front becomes quite
pointed when it tries to penetrate in the next geometric cell (for
Re, = 0 at 7 = 37.96, 58.22). As it starts emerging out of each
constriction its front is flat, then it freely expands in both
directions, but primarily in the radial one up to a maximum
radius, which is significantly smaller than the radius of the tube
at the given axial distance. In the entrance of each cell, the
bubble develops a neck, which has a finite radius. It is clear that
for all times, there is no tendency of the free surface, behind the
advancing front, to move in the radial direction, that is, to
increase or decrease the liquid mass that adheres to the tube
wall at the constriction. On the contrary, for Re, = 1,000
(Figure 25b), the radius of the bubble at the constrictions
becomes progressively slightly smaller even when the bubble
front is already approaching the next constriction. Table 4
summarizes the minimum values of the bubble radius at the
three constrictions for these two values of the Reynolds num-
ber, calculated using least square fitting of fourth order poly-
nomial. Details of the mesh for Re, = 0 around the first
constriction are shown in Figure 26. The snapshot corresponds
to 7 = 368.89 or to an axial penetration of the bubble equal to
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Figure 25. Effect of inertia on the time evolution and the
shape of the bubble for (a) Re, = 0, (b) Re, =
10°- (Rmin/Rmasxs Pexe 8_1, A, n, g, &) = (0.2,
8333, 12, 2.4, 4, 1.2, 1.2).
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Table 4. Location and Minimum Radius of the Bubble at the Three Tube Constrictions for (P,,,, R,,;,,/R, ..o A, n) = (8333,
0.2, 2.4, 4) With and Without Inertia for Bubble Penetrations Corresponding to the Latest Snapshots Shown in Figure 26

Minima ! 2 3
Re, R V4 R V4 R V4
0 0.059 2.036 0.072 4.530 0.063 6.947
1000 0.011 2.147 0.018 4.572 0.005 7.111

2.0. For clarity, quadrilateral elements are shown, before they
are split to create triangular elements. The flexibility and the
robustness of the elliptic mesh generator are apparent, even for
this most demanding case. Close ups of the mesh for this and
other geometries generated by the same methodology, can be
also found in 22.

The mesh we generated for the previous simulations had 80
radial and 140 axial elements. This gives accurate results up to
the time shown, but it is not sufficient to follow the phenom-
enon for larger times as the bubble goes through more tube
constrictions at higher Reynolds numbers. In such a case, it
should be possible to follow the development of an isolated
bubble in each cell. To this end, we increased the radial and
axial nodes to 150 and 200, respectively, and the Reynolds
number to Re, = 1,500, keeping constant the rest of the
parameters. Figure 27 illustrates contour plots of the axial and
the radial velocity, upper and the lower parts of the tube, at
times 7 = 48.64, 59.50, 72.06, and 76.37 which correspond to
bubble penetrations equal to 2.02, 4.00, 8.00, and 11.00, when
the simulations stop. As the bubble emerges from each con-
striction it inflates resembling a balloon, reaches a nearly
ellipsoidal shape and then becomes pointed again as it tries to
squeeze through the next constriction. Apparently, the in-
creased inertia assists in the early development of nearly iso-
lated bubbles inside each cell, which tend to inflate sequentially
with the last one generating a new one in the next cell and
feeding it with gas, and so on. The motion of the leading bubble
continues due to the applied pressure on its front surface. As
before, the maximum axial velocity appears either at the bubble
tip or at the first constriction ahead of it. Negative values of the
axial velocity, that is recirculating flow, appear on wide part of
the expansion in each cell. This further intensifies liquid accu-
mulation at the tube constrictions leading to a narrower neck. It
is quite interesting to examine the film thickness on the wall.
By closely comparing the previous plots, we observe that

Figure 26. Close up of the mesh around the first con-
striction, for an undulated tube with R,/

R,,.. = 0.2 at - = 368.89.
(Re,, P, e ' A n, &, 8,) = (0,8333,12,2.4, 4,12, 1.2).

P’
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generally, the liquid-air interface follows the variation of the
tube geometry, and the effect of the Reynolds number is
nonmonotonic. This could be caused by the difference in the
times (or bubble penetrations) that the different snapshots were
taken. In particular, for the three values of Re, the axial
penetrations are 8.07, 8.82, and 9.63, and for nonzero Re,, there
is some residual fluid flow from each cell to the constriction
that is immediately after it.

Increasing the Reynolds number to even larger values, for
example, Re,, = 30,000 (recall that the velocity based Reynolds
number is about 2 orders of magnitude smaller), the bubble
neck at the first constriction becomes extremely low (R ~
0.0001), and one could safely assume that bubble break up
takes place there (Figure 28b). However, we decided not to
pursue this further at this point. The isolated bubble attains a
bullet-like shape, having significantly smaller radius than its
axial length even at earlier times, Figure 28a. Examining the
second snapshot, we see that it elongates and simultaneously
develops a wider back, which assists in its motion. Indicatively,
the lengths of the isolated bubbles at times 7 = 163.68, and
167.95 are 1.74 and 2.83, respectively. The velocity field
shown in the same figure has more intense variation. This
phenomenon of bubble formation, as a gas jet surrounded by a
co-flowing liquid is forced through a constriction has been also

(d)

Figure 27. Contour lines of the axial and radial velocity
component, upper and lower part of each fig-
ure, in an undulated tube with R,,,;./R,,,.. =
0.2 at = = 48.64, 59.50, 72.06, and 76.37.

(1R2e,, P,.,& ' A\ n eg,e,) = (1500, 8333, 12, 2.4, 4, 1.2,

5 ext>
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Figure 28. Contour lines of the axial and radial velocity
component, upper and lower part of each fig-
ure, in an undulated tube with R,,;./R,,,.. =
0.2 at + = 163.68, and 167.95.

(Re,, g,) = (3 X 10%,8333,12,2.4,4,1.2,
1.2},
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observed experimentally by a number of researchers.*>#+45 In
fact, various experimental arrangements have been proposed to
fabricate perfectly monodisperse bubbles of controllable diam-
eter and frequency by such a “flow focusing” mechanism. Of
course, if this arrangement is to be used for generating a
continuous stream of monodisprse bubbles, this should be
accomplished within the tube by employing liquid inertia and
other ideas reported in the references earlier. We plan to
undertake such studies in the near future.

Conclusions

We studied the transient displacement of Newtonian fluids
from harmonically undulated tubes. We applied the quasi-
elliptic grid generation scheme to create an optimal computa-
tional mesh in a highly deforming domain,?> used the finite
element technique, an implicit Euler method for the time inte-
gration and a decoupled iterative scheme for the solution of the
set of nonlinear equations. Simulations show that at the creep-
ing flow limit, the flow field in front of the bubble is nearly
periodic in each geometric period. They are disturbed only
when the bubble comes close to them. The variation of the
remaining film is also almost periodic and increases as the ratio
of the minimum to the maximum tube radii S decreases. The
maximum and the minimum cross sections of the free surface
are located at axial positions, which do not coincide with those
of the maximum and the minimum radii of the tube wall.
Another interesting observation is the decreasing of the remain-
ing fraction inside each undulation as the geometric wave-
length increases or decreases, whereas it reaches the asymp-
totic value ~0.60 at large values of A or as S approaches 1. The
evolution of both the tip and the exit velocity are affected by
the magnitude of the undulation ratio. For small values of, the
temporal response of the tip velocity tends to a delta function,
while that of the exit velocity varies according to step function.
Inertia breaks the symmetry of the flow and pressure fields, and
causes recirculation of the fluid particles inside the expanding
parts of the tube. The width of the film increases along the axial
direction, because the bubble tries to follow a straighter way
and avoid the large undulations of the tube wall. The undulat-
ing tube arrangement can produce monodisperse bubbles of
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well-controlled size at a desired frequency, a process with
numerous important applications.
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